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Abstract
A phase diagram of the magnetization dynamics is studied by numerically
solving the Landau-Lifshitz-Gilbert (LLG) equation in a spin torque oscilla-
tor consisting of asymmetric two free layers that are magnetized in in-plane
direction. We calculated the dynamics for a wide range of current density
for both low and high field cases, and found many dynamical phases such as
synchronization, auto-oscillation with different frequencies, and chaotic dy-
namics. The observation of the synchronization indicates the presence of a
dynamical phase which has not been found experimentally by using the con-
ventional electrical detection method. The auto-oscillations with different
frequencies lead to an oscillation of magnetoresistance with a high frequency,
which can be measured experimentally. The chaotic and/or periodic behav-
ior of magnetoresistance in a high current region, on the other hand, leads
to a discontinuous change of the peak frequency in Fourier spectrum.
Keywords:
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1. Introduction
Current driven magnetization dynamics, such as switching and oscillation,
in nanostructured ferromagnetic multilayers have been attractive research
topics in the fields of spintronics, nonlinear science, and applied physics
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. The switching dynamics is used as
an operation principle of magnetic random access memory (MRAM) [13],
whereas spin torque oscillator (STO) utilizing an auto-oscillation (limit cy-
cle) of the magnetization can be used as an element for microwave gen-
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erator, magnetic sensor, phased array radar, or brain-inspired computing
[14, 15, 16, 17, 18, 19]. A ferromagnetic multilayer used in spintronics de-
vices usually includes three ferromagnets called free, reference, and pinned
layers [13]. Spin currents polarized by the reference layer are injected into
the free layer and excite the magnetization dynamics in the free layer via
spin transfer torque effect [2, 3, 20]. Note that the spin transfer occurs not
only in the free layer but also in the reference layer. Therefore, a finite spin
torque is simultaneously acting on the magnetization in the reference layer.
Efforts have been made to clarify the role of spin torque on the magnetiza-
tion dynamics in the reference layer [21, 22, 23, 24, 25]. The magnetization
in the reference layer, however, has usually been assumed to be fixed be-
cause an antiferromagnetic coupling from the pinned layer strongly pins the
magnetization.
Recently, however, there is a motivation to study the magnetizations
dynamics in two ferromagnets coupled via spin transfer effect. The devel-
opment in the magnetic recording technology faces a serious issue because
the magnetic field produced in conventional recording method solely using a
direct field is not sufficient enough in next generation high-density record-
ing system. Microwave assisted magnetization reversal (MAMR) is a new
scheme of magnetic recording, where the microwave emitted from an STO
contributes to the reduction of the direct magnetic field necessary for the
recording [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. The latest design of the
STO for MAMR consists of two in-plane magnetized ferromagnetic layers
called field-generation layer and spin-injection layer [37]. The field-generation
layer acts as a microwave generator for MAMR, whereas the spin-injection
layer is the source of spin current injected into the field-generation layer.
Importantly, this type of STO does not include a pinned layer in order to
make the recording head small for high density recording [37, 38], and there-
fore, both two ferromagnets can be regarded as free layers. Experimental
efforts investigating the oscillation properties of this type of STO have been
reported very recently [38, 39]. Magnetization dynamics possibly occurring
in this type of STO is, however, not fully understood yet.
Magnetization dynamics in an STO is studied by using a giant magne-
toresistive (GMR) or tunneling magnetoresistance (TMR) effect, where an
oscillating voltage (or resistance) output from the multilayer depends on the
relative angle between the free and reference layers. For an STO with a
pinned layer [5, 8, 9, 11, 12], an electrical signal produced from these magne-
toresistance effects directly reflects the magnetization dynamics in the free
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layer because the magnetization in the reference layer can be assumed to be
fixed. On the other hand, for an STO with two free layers, the electrical
signal does not necessarily reflect the magnetization dynamics. For exam-
ple, let us for the moment assume that the magnetizations in two free layers
show a synchronization, which is typically observed in a coupled system [40].
In this case, no oscillating electrical signal can be obtained from the STO
because the relative angle between the magnetization is constant as a func-
tion of time. The dynamics is, however, applicable to a microwave generator
because the magnetizations in the free layers are oscillating, and as a result,
microwave field is emitted from the STO. As can be understood from this
example, there might be a hidden magnetization dynamics in this type of
STO, which has not been clarified experimentally [38, 39]. To overcome this
issue, a theoretical analysis will be useful.
In this paper, we study the magnetization dynamics in a ferromagnetic
multilayer consisting of two in-plane magnetized free layers by solving the
Landau-Lifshitz-Gilbert (LLG) equation numerically. Several dynamical phases,
such as synchronization, auto-oscillation with different frequencies, and chaotic
dynamics, are found over a wide range of applied electric current. The
synchronization of the auto-oscillations having identical frequency appears
in a low current region. This result clarifies the existence of a dynamical
phase which cannot be detected by the conventional electrical measurement.
The auto-oscillations with different frequencies, on the other hand, can be
measured because the magnetoresistance shows an oscillation with high fre-
quency. In the highly nonlinear periodic and/or chaotic dynamical phase
which appeared in a high current region, the Fourier spectrum shows multi-
peaks with small amplitudes due to the complex dynamics. The oscillation
(peak) frequency cannot be well-defined in this region. The electrical detec-
tion of the chaotic motion however is possible because such a dynamics leads
to a discontinuous change of the peak frequency in the Fourier spectrum.
2. System description
In this section, we describe the system employed in this study and show
the explicit form of the LLG equation.
2.1. LLG equation
The system we consider is schematically shown in Fig. 1, where two
ferromagnets Fk (k = 1, 2) sandwiches a nonmagnet N. The unit vector
3
m1
m2
Happl
F1
N
F2
e-
x
z
Figure 1: Schematic illustration of system used in this study. A nonmagnet (N) is
sandwiched by two ferromagnetic layers Fk (k = 1, 2) The unit vector pointing in the
magnetization direction of Fk layer is denoted as mk. The z axis is perpendicular-to-
plane direction. The external magnetic field Happl is applied to the positive z direction.
The positive current corresponds to the electrons flowing from F1 to F2 layer.
pointing in the magnetization direction of Fk layer is denoted as mk. In the
following, similar to mk, we add the suffix k to quantities related to Fk layer.
The electric current density j flows along the z direction, where a positive
current corresponds to the electrons flowing from F1 to F2 layer. The LLG
equation of Fk layer is given by [2, 20]
dmk
dt
=− γmk ×Hk + αkmk ×
dmk
dt
−
γ~pkj
2e(1 + p2km1 ·m2)Mkdk
mk × (m2 ×m1) ,
(1)
where γ and αk are the gyromagnetic ratio and the Gilbert damping constant,
respectively. The magnetic field Hk consists of an applied field Happl, the
demagnetization field, and the dipole field as
Hk =

 −4piMkNkxmkx −Hdkmk′x−4piMkNkymky −Hdkmk′y
Happl − 4piMkNkzmkz + 2Hdkmk′z

 . (2)
The saturation magnetization of Fk layer is denoted as Mk. The demagneti-
zation coefficient Nki (i = x, y, z) and the dipole field Hdk acting from Fk′ to
Fk layer (k
′ 6= k) in a cylindrically shaped multilayer are, respectively, given
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by [41, 42],
Nkz =
1
τk
{
4
3pi
−
4
3pi
√
1 + τ 2k
[
τ 2kK
(
1√
1 + τ 2k
)
+
(
1− τ 2k
)
E
(
1√
1 + τ 2k
)]
+ τk
}
,
(3)
Hdk = piMk′

 dk2 + dN + dk′√
r2 +
(
dk
2
+ dN + dk′
)2 −
dk
2
+ dN√
r2 +
(
dk
2
+ dN
)2

 , (4)
where τk = dk/(2r). The thicknesses of Fk and N layers are denoted as dk
and dN, respectively, whereas the radius of the multilayer is r. Because of
the assumption of the cylindrical shape, Nkx = Nky = (1 − Nkz)/2. The
first and second kind of complete elliptic integrals with a modulus k are
denoted as K(k) and E(k), respectively. The spin polarization characterizing
the strength of the spin torque acting on the magnetization in Fk layer is
denoted as pk. In our definition, the spin torque acting on F1 (F2) layer
excited by a positive current prefers an antiparallel (parallel) alignment of the
magnetizations. This point will be used to understand the coupled motions
of the magnetizations studied in the following sections.
2.2. Values of parameters
The values of the parameters used in this paper are estimated from typ-
ical experiments focusing on the oscillation behavior of an STO for MAMR
consisting of CoFe/Ag/NiFe multilayer [38, 43], where CoFe and NiFe cor-
respond to F1 and F2 layers, respectively. That is, M1 = 1720 emu/c.c.,
M2 = 800 emu/c.c., α1 = 0.006, α2 = 0.010, d1 = 5 nm, d2 = 3 nm, r = 50
nm, dN = 5 nm, p1 = p2 = 0.3, and γ = 1.764 × 10
7 rad/(Oe s). Using
these values, we find that N1z = 0.876, N2z = 0.916, Hd1 = 143.7 Oe, and
Hd2 = 514.6 Oe. The value of the radius r in this work is assumed to be
larger than the experimental value (15 nm) [38] so that the macrospin model
becomes applicable. In the present model, F1 and F2 layers correspond to the
field-generation and spin-injection layers, respectively. Since the multilayer
consists of metals, it is experimentally possible to apply a large current on
the order of 108 A/cm2 [38], contrary to an STO using a magnetic tunnel
junction [44], where the maximum value of the current density is on the order
of 106 − 107 A/cm2.
There are some previous works on a coupled motion of the magnetizations
in two free layers in a multilayer [45, 46, 47, 48]. In these, two ferromagnets
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have almost identical properties because the works principally focused on
a synchronized oscillation of the magnetizations or simultaneous switching
of two magnetizations, although chaotic motion was also observed [46]. On
the other hand, the parameters of F1 and F2 in the present work are largely
different from each other due to an asymmetric structure of the STO for
MAMR [37, 38, 49, 50]. In MAMR, the field-generation layer should have
large saturation magnetization and volume to emit sufficient strength of mi-
crowave field to recording media whereas the spin-injection layer should be
thin to make small sized recording head. In particular, the factor 1/(M2d2)
is almost four times larger than 1/(M1d1), and therefore, the spin torque
acting on F2 layer is much larger than that acting on F1 layer. As a result,
not only the synchronized motion of the magnetizations but also other kinds
of the magnetization dynamics, such as a chaotic behavior, will be observed
in the present system, as shown below.
The value of the applied field Happl used in the following calculation is
chosen to be 6.0 or 20.0 kOe. We call Happl = 6.0 (20.0) kOe the low
(high) field. These values are chosen to satisfy Happl < 4piM1, 4piM2 and
Happl > 4piM1, 4piM2 for the low and high field cases, respectively. We first
solve the LLG equation without the spin torque terms, and chose the relaxed
state as an initial condition. For the low field case, the initial states of the
magnetizations are deviated from the z axis, i.e., the magnetizations are not
parallel to the applied field. For the high field case, on the other hand, the
relaxed sates of the magnetizations are parallel to the applied field along the
z axis. The details of the initial conditions are summarized in Appendix A.
3. Phase diagram
An auto-oscillation of an STO has been studied by measuring the relation
between the current and oscillation frequency [5, 8, 11, 12]. In particular, for
MAMR application, the microwave frequency from the STO is of interest,
which corresponds to the oscillation frequency of the in-plane (xy plane)
component of the magnetization. Therefore, we evaluate the peak frequency
of the Fourier spectrum of mkx in the following. In addition, we remind
the readers that the auto-oscillation of the magnetization has been measured
through the GMR or TMR effect [5, 8, 9, 11, 12], where the resistance of a
multilayer is related to the magnetizations m1 and m2 via [1, 51]
R =
RAP +RP
2
−
RAP − RP
2
m1 ·m2, (5)
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Figure 2: Dependences of the oscillation (peak) frequencies of F1 (red square), F2
(blue triangle), and the MR (black circle) on the applied current density for (a) the low
(Happl = 6.0 kOe) and (b) the high (Happl = 20.0 kOe) field cases. The yellow, green, and
blue-shaded regions correspond to the synchronized oscillation region, the auto-oscillations
with different frequencies region, and chaotic region, respectively. A peak frequency in the
chaotic region is not well-defined. Near zero current for Happl = 20.0 kOe, an instability
threshold appears in addition, in which the magnetizations cannot move from the equi-
librium states. The insets show the current-frequency relation for the current range of
−100.0× 106 ≤ j ≤ 100.0× 106 A/cm2.
where RP and RAP are the resistance of the system in the parallel and an-
tiparallel alignment of the magnetizations, respectively. Therefore, in the
following, we call the vector product between m1 and m2 as MR, for con-
vention,
MR ≡m1 ·m2, (6)
and investigate not only the dynamics of m1 and m2 but also that of the
MR.
The oscillation (peak) frequencies of m1x, m2x, and the MR for the low
and high field cases are summarized in Figs. 2(a) and 2(b), respectively. The
details of the magnetization dynamics shown in these figures will be described
in Secs. 4 and 5, respectively. Note here that, in some regions, an oscillation
(peak) frequency is not well-defined, and thus, not shown in the figure. For
example, when a chaotic dynamics is excited, an instantaneous frequency
varies as a function of time. For these cases, the oscillation frequencies cannot
be defined, and therefore, are excluded from Figs. 2(a) and 2(b). Also, when
a synchronization occurs, MR is constant, and thus, the peak frequency of
MR is zero. These dynamics will also be described in the following sections.
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Figure 3: The oscillation trajectories of (a) m1 and (b) m2 and (c) the time evolutions of
m1x (red dotted), m2x (blue dashed), and the MR (black solid) at j = +20.0× 10
6 A/cm2
and Happl = 6.0 kOe.
4. Low field case
In this section, we show the current dependence of the magnetization
dynamics in the low field case. The corresponding phase diagram is depicted
Fig. 2(a). Since the dynamic behavior changes drastically depending on
the current magnitude, we briefly summarize the results beforehand. In the
low current region, a synchronized oscillation of the magnetizations appears.
In the middle current region, two magnetizations show auto-oscillations with
different frequencies. In the high current region, the magnetization dynamics
becomes chaotic.
4.1. Synchronized oscillations in low current region
In this section, we show the magnetization dynamics excited in the low
current region with a low applied field, corresponding to the yellow-shaded
region in Fig. 2(a). The trajectories of the magnetization dynamics in F1
and F2 layers typically found in this current region are shown in Figs. 3(a)
and Fig. 3(b), respectively. The time evolutions of m1x, m2x, and the MR
are shown in Fig. 3(c) by the red dotted, blue dashed, and black solid lines,
respectively. The current density is j = +20.0 × 106 A/cm2. The auto-
oscillations around the z axis are excited in both layers. In addition, the
oscillation frequencies of two magnetizations are identical, i.e., a synchro-
nization is excited. As a result, the MR is constant as a function of time, as
shown in Fig. 3(c). Therefore, the oscillation frequency of the MR is zero in
the low current region, and the STO does not generate an electrical signal.
The phase synchronization between mutually coupled STOs has been ob-
served experimentally [18, 52, 53, 54, 55, 56, 57, 58]. In the experiments, an
8
in-phase synchronization is easy to measure because the in-phase synchro-
nization leads to the enhancement of an output power [18]. On the other
hand, an antiphase synchronization is predicted theoretically [59, 60, 61, 62,
63, 64, 65, 66], depending on the coupling mechanism and/or structures,
although the antiphase synchronization is difficult to detect experimentally
because output power in this case becomes nearly zero. In a symmetric
system including two auto-oscillators, either in-phase or antiphase synchro-
nization is stable, depending on the coupling mechanism [40]. Contrary to
the results of these previous works, the phase difference between the synchro-
nized magnetizations in the present system is neither in-phase nor antiphase,
as can be seen in Fig. 3(c). This is because two ferromagnets have differ-
ent free-running frequencies [40]. In addition, the coupling via spin torque
is asymmetric; for example, for a positive current, the spin torque acting
on F1 layer acts as a repulsive force to F2 layer, whereas the torque acting
on F2 layer is an attractive force to F1 layer. As a result, the phase differ-
ence between two magnetizations neither converge to the in-phase nor to the
antiphase state.
We should emphasize that, although an electrical detection of the oscilla-
tions of the magnetizations through the magnetoresistance effect is difficult
due to the synchronization, the magnetizations in this low current region
show auto-oscillations, and may be able to be applied to the microwave source
of MAMR.
4.2. Oscillations in middle current region
This section shows the magnetization dynamics excited in the middle
current region with a low applied field, corresponding to the green-shaded
region in Fig. 2(a). Figures 4(a)-(c) and 4(d)-(f) show the oscillation trajec-
tories of the magnetizations and their Fourier transformations for a positive
(j = +60 × 106 A/cm2) and negative (j = −60 × 106 A/cm2) current den-
sities, respectively. The red, blue, and black lines in Figs. 4(c) and 4(f) are
|m1x(f)|, |m2x(f)|, and the Fourier transformation of the MR, respectively.
In this region, two magnetizations oscillate with different frequencies. As
a result, the oscillation frequency of the MR is the difference or sum of the
oscillation frequencies ofm1 andm2, depending on the oscillating directions.
Recall that the initial states of the magnetizations are close to the positive
z direction because the external field is applied to this direction. Since the
spin torque acting on the magnetization in F1 excited by a positive current
prefers the antiparallel alignment of the magnetizations, m1 moves to the
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Figure 4: Oscillation trajectories of (a)m1 and (b)m2 and (c) the Fourier transformations
of m1x (red dotted), m2x (blue dashed), and the MR (black solid) at j = +60.0 × 10
6
A/cm2 and Happl = 6.0 kOe. Those for a negative current j = −60.0 × 10
6 A/cm2 are
shown in (d)-(f).
negative z region by the spin torque, whereas m2 remains in the positive z
region, as can be seen in Figs. 4(a) and 4(b). Note that the oscillation fre-
quency around the z axis is determined by the effective field, which includes
a term Happl − 4piMkmkz. Since m1z < 0 and m2z > 0, the effective field of
F1 layer is larger than that of F2 layer. Therefore, the oscillation frequency
of F1 layer is higher than that of F2 layer, as shown in Fig. 4(c). When the
current direction is changed to the negative direction, the spin torques acting
on two ferromagnets reverse their directions. Thus, for a negative current
case, the oscillation frequency of F1 becomes lower than that of F2 layer, as
shown in Fig. 4(f).
4.3. Chaotic dynamics of magnetizations and periodic MR in high current
region (negative current)
In this section, we show the magnetization dynamics excited in the high
and negative current region with a low applied field, corresponding to the
blue-shaded left region in Fig. 2(a). Figures 5(a) and 5(b) show the tra-
jectories of m1 and m2 at j = −400 × 10
6 A/cm2, respectively. Since the
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Figure 5: Oscillation trajectories of (a) m1 and (b) m2 at Happl = 6.0 kOe and j =
−400× 106 A/cm2. (c) Time evolution of m1x. (d) Fourier transformations of m1x (red),
m2x (blue), and MR (black). The inset shows the Fourier transformation of the MR in
the low frequency region. (e) Time evolution of m1z. The red allow corresponds to the
period of m1z. (f) Time evolution of the MR. The red allow corresponds to the period of
the MR.
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strength of the spin torque is sufficiently large due to a large current mag-
nitude, the magnetizations widely change their directions, as shown in these
figures. Figure 5(c) shows the time evolution of the in-plane component,
m1x, of the magnetization in F1 layer. Although m1x repeats a similar oscil-
lation pattern, we did not observe any periodicity in a strict sense as shown
in Fig. 5(c) or even in a widen time range. The Fourier transformation of
m1x shown in Fig. 5(d) has many peaks with small amplitudes; see, for ex-
ample, Fig. 4(c) for comparison. The peak (oscillation) frequency of such
a spectrum cannot be well-defined as well. The Fourier transformation of
m2x also shows many small and comparable peaks, and therefore, a peak
frequency is not well-defined. The absence of the periodicity in the nonlinear
dynamics of m1x, as well as the sensitive dependence of the dynamics on
its initial condition shown in Appendix B, indicates that its dynamics is a
chaos. Recall that the chaos appears due to the presence of the coupling
between two ferromagnets via spin-transfer effect and dipole field, whereas
it is precluded for a single ferromagnet with the macrospin model because
of the Poincare´-Bendixson theorem [10, 67, 68]. We note that chaos in an
STO is also found in Ref. [69], where a delayed feedback is used to induce
the chaos.
On the other hand, the perpendicular component of the magnetization,
m1z, shows a periodic motion, as shown in Fig. 5(e), where the period is
shown by the red arrow in the figure. In addition, the MR(= m1 · m2)
also shows a periodic motion, as shown in Fig. 5(f). Although the Fourier
transformation of the MR also shows multipeaks, there is a large peak in
the low frequency region, as can be seen in Fig. 5(d). The fact that the
MR varies from −1 to +1 means that the magnetization alignment changes
between the parallel and antiparallel alignment periodically. This is because
the spin torque acting on F1 layer prefers the parallel alignment whereas that
on F2 layer prefers the antiparallel alignment.
Summarizing these results, the magnetization dynamics in each ferro-
magnet projected to the film-plane shows a chaotic behavior. The Fourier
spectrum shows multipeaks with small amplitudes over a wide range of the
frequency. On the other hand, the MR shows a periodic behavior, and the
Fourier spectrum shows a sharp peak at low frequency region. Therefore,
only the peak frequency of the MR is plotted in Fig. 2(a). Recall that,
in the middle current region, the peak frequency of the MR was relatively
high because of the stable oscillations of the magnetizations. Thus, the low
frequency of the MR found in the high current region indicates that a discon-
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Figure 6: Oscillation trajectories of (a) m1 and (b) m2 at Happl = 6.0 kOe and j =
+400.0 × 106 A/cm2. (c) Time evolution of the MR with the time range of 10 ns. (d),
(e) Examples of the time evolution of the MR with the time range of 1 ns. (f) Fourier
transformation of the MR.
tinuous drop of the MR peak frequency at the boundary between the middle
and high current regions is expected in the experimental measurement, as
can be seen in the negative current region in Fig. 2(a). We also note that
this current region cannot be applied to MAMR application because the
microwave frequency from the STO is not fixed.
4.4. Chaotic behavior of magnetizations and MR in high current region (pos-
itive current)
Next, we show the magnetization dynamics excited in the high and posi-
tive current region with a low applied field, corresponding to the blue-shaded
right region in Fig. 2(a). Figures 6(a) and 6(b) show the dynamic trajecto-
ries of m1 and m2. Similar to the negative current region discussed in the
previous section, the magnetizations widely change their directions due to
the large spin torque. Contrary to the negative current case, however, not
only the in-plane components of the magnetizations but also the perpendic-
ular components show chaotic behavior. For example, the time evolution of
m1z shown in Fig. 6(c) does not show a periodicity over a wide time range
(500 ns). Figures 6(d) and 6(e) show examples of the time evolution of the
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MR, where the time range in both figures is 1 ns. These figures indicate
that the time evolution of the MR repeats a similar oscillation pattern, but
it is not periodic. As a result, not only the magnetizations but also the MR
does not have sharp peaks in their Fourier transformations: see, for example,
Fig. 6(f), where the Fourier transformation of the MR is shown. Thus, no
peak frequency is well-defined in this current region, indicating the absence
of periodicity. In addition, this fact means that no visible (or strong) peak
of emission power will be observed experimentally. Therefore, symbols are
not shown in the high positive current region in Fig. 2(a).
4.5. Suggestions to verify synchronization
As mentioned in Sec. 4.1, an electrical detection of the synchronization
through GMR or TMR effect is difficult because the magnetoresistance is
constant as a function of time in this case. In this section, let us discuss
alternative approaches to verify the synchronization experimentally. The
problem is that we cannot distinguish whether the magnetizations are in
auto-oscillation states with synchronization or at the state of pointing to
fixed directions without oscillations from the GMR or TMR effect in the
present geometry. Therefore, to verify the synchronization, it is sufficient to
detect an auto-oscillation of, at least, one magnetization.
The first suggestion is to use an electrical detection. For example, when
another ferromagnet having a fixed in-plane magnetization is placed on F2
layer in Fig. 1, the GMR or TMR effect between this additional ferromag-
net and F2 layer provides an oscillating electric voltage. Such a multilayer
structure having three ferromagnets was proposed in Ref. [70] for a different
purpose. An alternative approach for the electrical detection is to place a
Hall bar below, for example, F1 layer in Fig. 1. Applying electric current
to the Hall bar, anisotropic magnetoresistance (AMR) [71] and/or spin Hall
magnetoresistance (SMR) [72, 73, 74] effects show an oscillating behavior
reflecting the auto-oscillation in F1 layer. It should, however, be noted that
adding another ferromagnet and/or Hall bar provide additional spin torques
related to GMR [2, 3], TMR [1], AMR [75], and/or SMR [76, 77] effects,
which might disturb the synchronization.
The second suggestion is to measure MAMR in another ferromagnet lo-
cated near the STO. Recently, MAMR assisted by microwave generated from
an in-plane magnetized STO was experimentally demonstrated in magnetic
nanodot placed on the STO [78]. Using a similar method, the existence of
14
microwave field is verified, which is an evidence of an auto-oscillation in the
STO.
The reader might be interested not only in the verification of the synchro-
nization but also in its relaxation phenomenon because the relaxation time
is related to, for example, the recording speed of MAMR. In Appendix C,
we show examples of the relaxation phenomenon in the present STO.
5. High field case
In this section, we show the current dependence of the magnetization
dynamics in the high field region. The corresponding phase diagram is Fig.
2(b). As shown below, the magnetization dynamics is similar to that observed
in the low field case. There are, however, differences, such as an existence of
an instability threshold.
5.1. Threshold current
A difference between the low and high field cases is the existence of an
instability threshold for the high field case, i.e., non-zero current is necessary
to excite the magnetization dynamics. Recall that the synchronized auto-
oscillation for the low field case described in Sec. 4.1 was excited for the
current density of |j| > 0. On the other hand, for the high field case studied
below, threshold current densities to excite magnetization dynamics exist for
both the positive and negative current densities. For the present system,
when the current density j is in the range of −30.0× 106 ≤ j ≤ +20.0× 106
A/cm2, the magnetizations do not move from the initial equilibrium state
even in the presence of the spin torque.
The existence of instability threshold of an in-plane magnetized free layer
has been investigated previously [79, 80, 81, 82, 83, 84, 85], where the mag-
netization in the reference layer is fixed. Although it is difficult to extend
these works to the two free layers system analytically, the existence of the
instability threshold is qualitatively explained by using these single free layer
models, as explained below.
The instability threshold appears due to the damping torque, which pre-
vents the magnetization to move from the energetically stable state to a
high energy state. In the absence of the external field, the energetically sta-
ble state of the free layer is the in-plane magnetized state. Note that the
magnetic energy does not change even when the magnetization changes its
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direction in the film plane, i.e., the energetically minimum state forms a con-
stant energy surface in the film plane. In such a case, a spin torque with
any magnitude can move the magnetization within the film plane because
the damping torque does not prevent such motion. Therefore, the instability
threshold current is zero. This conclusion still holds even in the presence
of the external field, if the field magnitude is smaller than the demagneti-
zation field. On the other hand, when the field magnitude is larger than
the demagnetization field, the energetically stable state becomes parallel to
the z axis, i.e., the energetically minimum state is a point. In this case, a
finite energy injection as a work done by spin torque is necessary to move
the magnetization to any direction by overcoming the dissipation due to the
damping torque. Therefore, the instability threshold current becomes finite.
Regarding the result shown in Sec. 4.1, we come to the conclusion that
no electric power can be obtained near the zero current for both low and
high field cases. We should emphasize, however, that there is a difference
between the two. For the low field case, the electrical signal does not appear
due to the synchronization, although each magnetization itself shows auto-
oscillation. On the other hand, for the high field case, no movement at all
for the magnetizations is observed from the equilibrium state. The former is
applicable to practical applications such as a microwave generator, whereas
the latter is not.
5.2. Negative current region
Below the threshold (j = −30.0 × 106 A/cm2), the magnetization dy-
namics similar to that found in Sec. 4 is excited by the negative current.
For −50.0 × 106 ≤ j ≤ −35.0 × 106 A/cm2, a synchronization of the auto-
oscillations in two ferromagnets is excited. Figure 7(a) shows an example of
the synchronization, where the magnetizations m1 and m2 oscillate with the
same frequency, whereas the MR is constant as a function of time. When the
magnitude of the current density increases (−345.0× 106 ≤ j ≤ −55.0× 106
A/cm2), the synchronization disappears, and the magnetizations oscillate
with different frequencies. Figures 7(b) and 7(c) show examples of the dy-
namic trajectories ofm1 andm2 for such case. Since the spin torque acting on
F2 layer prefers the antiparallel alignment of the magnetizations, m2 moves
to the negative z region. In a large current density limit (j ≤ −350.0 × 106
A/cm2), a chaotic dynamics of the magnetizations appears. Figures 7(d)
and 7(e) show examples of the time evolutions of m1x and the MR, respec-
tively, where j = −500.0 × 106 A/cm2. These quantities show non-periodic
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oscillations. In addition, these dynamics are sensitive to the initial states;
see Appendix B. The Fourier spectrum of the MR shows a large peak at a
certain frequency, whereas the spectra of F1 and F2 layers have multipeaks
with small amplitudes, as can be seen in Fig. 7(f).
5.3. Positive current region
In the positive current region above the threshold (j = +20.0 × 106
A/cm2), a synchronized auto-oscillation of the magnetizations is found over
a wide range of current. Figures 8(a)-(c) and 8(d)-(f) show the oscillation
trajectories of the magnetizations and the time evolutions of m1x, m2x, and
the MR for j = +50.0×106 A/cm2 and j = +500.0×106 A/cm2, respectively.
Recall that the synchronization also appeared in the low field case. However,
the range of the current density corresponding to the synchronization for the
present (high field) case is significantly larger than that for the low field case.
This is because the high field stabilizes the oscillation around the z axis.
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6. Conclusion
In conclusion, a phase diagram of the magnetization dynamics in a spin
torque oscillator consisting of asymmetric two in-plane magnetized free layers
was derived by solving the Landau-Lifshitz-Gilbert (LLG) equation. Several
dynamical phases, classified as synchronization, auto-oscillation with differ-
ent frequencies, and chaotic behavior, were found in low and high field cases.
In addition, an instability threshold appeared in the high field case. The
study revealed the presence of the synchronization in the low current re-
gion, although the synchronized auto-oscillations will be difficult to detect
by conventional electrical detection method. The auto-oscillations with dif-
ferent frequencies, on the other hand, lead to the oscillation of the magne-
toresistance in the STO, and thus, can be measured in experiments. In a
sufficiently large current limit, the magnetization dynamics showed a chaotic
behavior. Nevertheless, the magnetoresistance, which is proportional to the
vector product of two magnetizations, showed a periodic oscillation, depend-
ing on the current and field conditions. Theoretical demonstrations of such
rich varieties of coupled dynamics introduced in this study will provide a
deep insight on nonlinear dynamics in nanostructures and may contribute to
designing practical devices such as microwave generators.
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Appendix A. Details of numerical simulation
In the numerical simulation, we first solve the LLG equation without spin
torque to determine the energetically stable states of the magnetizations.
In this calculation, the magnetizations are initially set as m1 = +ex and
m2 = −ex. Then, the magnetizations finally saturate to energetically stable
states, which are found to be m1 = (0.84979, 0.39435, 0.34978) and m2 =
(−0.67025,−0.31103, 0.67381) for the low field case. We use these values as
the initial states in the presence of the spin torque. We should note that these
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states have a rotational symmetry, i.e., the magnetic energy does not change
even when these states are rotated around the z axis. On the other hand,
for the high field case, the stable states become m1,m2 = +ez. Note that all
torques, including the spin torque, in the LLG equation become zero in this
magnetization alignment. Therefore, we slightly shift the initial states of the
magnetizations as mk = (
√
1−m2kz, 0, 1 − (k × 10
−5)) to produce non-zero
torque acting on the magnetization.
Appendix B. Sensitive dependence on initial condition in chaotic
phase
The chaos is a dynamical phase in which the long-term prediction of the
dynamics is impossible [68]. In this context, a periodic motion is not a chaos.
For example, although the dynamics of the magnetization shown in Fig. 5(c)
repeats a similar pattern, it is not periodic in a strict sense. The identification
of the chaos, however, also requires to study the sensitivity to the initial state
[68]. When a dynamical trajectory is in an attractor in a phase space, even
if it looks complicated, the dynamics with close but slightly different initial
conditions finally converges to an identical trajectory. Such a dynamics is
easy to predict once a trajectory at a certain initial condition is clarified.
The sensitivity of the magnetization dynamics in Fig. 5(c) is studied
as follows. In Fig. B.9(a), the red line is m1x(t) at Happl = 6.0 kOe and
j = −400 × 106 A/cm2, where 490 ≤ t ≤ 494 ns. Recall that the red line is
obtained with the initial conditions given in Appendix A. To study whether
this dynamics is a chaos or in an attractor, we slightly change the value ofm1
at t = 490 ns. Explicitly, we change the value asm′1x(t = 490 ns) = am1x(t =
490 ns), m′1y(t = 490 ns) = bm1y(t = 490 ns), and m
′
1z(t = 490 ns) =
bm1z(t = 490 ns), where a coefficient a is chosen to be 0.9, whereas b is√
[1− a2m21x(t = 490 ns)]/[1−m
2
1x(t = 490 ns)] to keep the norm of m
′
1 =
(m′1x, m
′
1y, m
′
1z) one. The green line shown in Fig. B.9(a) is m
′
1x, which has a
slightly different value to m1x at t = 490 ns. As shown, near t = 490 ns, m1x
and m′1x show similar dynamics. Soon after, however, a difference between
m1x and m
′
1x appears, in particular when the instantaneous frequency is
small. In other words, m1x andm
′
1x do not converge to an identical trajectory.
The result means that the dynamics ofm1x is sensitive to the initial condition.
Therefore, we conclude in the main text that the dynamics of m1x is chaos.
On the other hand, the dynamics of m1z shown in Fig. 5(e) is not a chaos
because the dynamics shows periodicity. Another evidence that the dynamics
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Figure B.9: Time evolutions of (a) m1x and (b) m1z with slightly different values at t =
490 ns. The magnetic field and current density are Happl = 6.0 kOe and j = −400.0× 10
6
A/cm2, respectively. Red lines in (a) and (b) are identical to those in Figs. 5(c) and 5(e).
Time evolutions of (c) m1x and (d) the MR in the high field (Happl = 20.0 kOe) case with
j = −500.0× 106 A/cm2 are also shown.
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Figure B.10: The magnitude of the difference between two lines in Fig. B.9(a).
of m1z not being chaos can be seen in Fig. B.9(b), where m1z and m
′
1z are
shown by the red and green lines, respectively. As shown, starting from
the different states, m1z and m
′
1z finally converge to the identical trajectory,
which does not satisfy the definition of the chaos.
The sensitivity to the initial state for the high field (Happl = 20.0 kOe)
case is also studied. Figures. B.9(c) and B.9(d) show the time evolutions of
m1x and the MR with slightly different conditions at t = 490 ns, where the
current density is −500.0×106 A/cm2, as in the case shown in Figs. 7(d) and
7(e). The dynamics of both the magnetization and the MR can be observed
to depend on the initial conditions. Therefore, in Sec. 5.2, we concluded
that the magnetizations and the MR show chaotic behavior.
A conventional approach to identify chaos in the field of nonlinear science
is to evaluate Lyapunov exponent [68]. The Lyapunov exponent λ is defined
as |δ(t)| ∼ |δ(0)|eλt, where δ is the difference between two trajectories hav-
ing slightly different initial conditions. We should note, however, that this
definition of the Lyapunov exponent usually used cannot directly be applied
to the present system. This is because the LLG equation conserves the norm
of the magnetization. Therefore, for example, the range of the value of m1x
in Fig. B.9(a) is restricted to −1 ≤ m1x ≤ +1. This fact means that the
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near the initial states for (a) j = +20.0 × 106 A/cm2 and (b) j = +60.0 × 106 A/cm2.
The field magnitude is Happl = 6.0 kOe.
difference between two lines in Fig. B.9(a) does not diverge monotonically;
see Fig. B.10, where δ(m1x) is the magnitude of the difference between two
trajectories shown in Fig. B.9(a). Such a non-monotonic motion cannot be
described by a model in the form of |δ(t)| ∼ |δ(t)|eλt. Thus, we consider that
investigating the sensitive dependence on the initial condition is a reasonable
approach to identify chaos in the present system.
Appendix C. Relaxation phenomenon
Figures C.11(a) and C.11(b) show time evolutions of m1x (red), m2x
(blue), m1z (black), and m2z (green) near the initial states for (a) j =
+20.0 × 106 A/cm2 and (b) j = +60.0 × 106 A/cm2. The applied field is
Happl = 6.0 kOe. We remind the readers that corresponding auto-oscillation
states are shown in Figs. 3(a), 3(b), 4(a), and 4(b), i.e., C.11(a) shows the
relaxation to a synchronization, whereas Fig. C.11(b) shows the relaxation
to the oscillations with different frequencies. Figure C.11 clarifies that the
relaxation time to an auto-oscillation state is on the order of a few nanosec-
onds. Such a fast relaxation is suitable for applications such as MAMR.
It is preferable to clarify the relations among the material parameters,
external forces (applied field and current), and relaxation time to auto-
oscillation states from the perspectives of both fundamental and applied
physics. However, it is not easy to answer this question due to the following
reason. It is known that a small amplitude oscillation of the magnetization,
i.e., ferromagnetic resonance (FMR), is well described by the linearized LLG
equation [86]. In fact, the FMR frequency is an eigenvalue of the linearized
LLG equation. In this case, the magnetization oscillation and relaxation are
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described by an exponential function. Even for a nonlinear oscillation or
synchronization phenomenon, described by Landau-Stuart and Adler equa-
tions respectively, the relaxation phenomena are described by complex forms
of exponential functions [40]. On the other hand, it was shown that the
relaxation phenomenon near the critical point is not described by an expo-
nential function [87]. We note that these cases are of special cases that can
be solved in exact form. In general, in the presence of nonlinearity, as in the
case of the LLG equation, the equation of motion can hardly be sovled ex-
actly. Therefore, it is not clarified yet regarding what is the relation between
material parameter and relaxation time nor what kind of function describes
the relaxation phenomenon in STO.
Although past works on STO have focused on steady state properties such
as emission power and linewidth [5, 11, 12, 30, 44, 59], the relaxation and/or
transient phenomenon is becoming of great interest due to the following rea-
sons. For example, in MAMR application, fast relaxation to auto-oscillation
state is necessary to achieve fast recording. Another example is neuromorphic
computing, where the computing is performed by using a sequence of input
pulse data, where the history of input data is stored in the relaxation pro-
cess of STO [16]. Therefore, developing a comprehensive theory of relaxation
phenomenon in STO will be highly required in future.
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